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2 3 $\Omega$ ,
$’(E)\{\begin{array}{l}-\Delta u=0in\Omega\frac{\partial\tau\iota}{\delta\pi}=\lambda uon\Gamma_{0}\frac{\partial u}{\delta n}=0on\Gamma_{1}\end{array}$
$\{\lambda, u\}$
. $\Gamma_{0}$ $\Gamma_{1}$ .
, $\Phi=\sin(.\sqrt{g\lambda}t)u$ , $\zeta=-\frac{1}{g}\frac{\partial\Phi}{\theta\ell}=-\sqrt{\frac{\lambda}{g}}\cos(\sqrt{g\lambda}t)\tau\iota$ ,
(Stoker [1] ).
.
$\Omega$ $\{(x, y):0<x<a, -b<y<0_{L}\}$ , $(E)$
$m=0,1,2,$ $\ldots$ $C$







$H^{1}(\Omega)$ $V$ . $V$
$a(u, v),$ $b(u, v)$ , , $u$ $v$ $\nabla u\nabla v$ $\Omega$
, $u$ $v$ $uv$ $\Gamma_{0}$ :
$a(u,v)= \int_{\Omega}\nabla u\nabla vdx$ ,
$b(u,v)= \int_{\Gamma_{0}}$ uvdf.
(E) $(\Pi)$
$(\Pi)\{\begin{array}{l}a(u,v)=\lambda b(u,v),\forall v\in V\{\lambda,u\}\in\Re\cross\{V-\{0\}\}\end{array}$
. V $V_{h}$
. $(\Pi)$ $(\Pi_{h})$ ,
$(\Pi_{h})-\{\begin{array}{l}a(u_{h},v_{h})=\lambda_{h}b(u_{h},v_{h}),\forall v_{h}\in V_{h}\{\lambda_{h},u_{h}\}\in\Re\cross\{V_{h}-\{0\}\}\end{array}$







$\Omega$ $A$ $\Gamma_{0}$ $M$
.
$A=(A_{p,q})_{p,q=1,\ldots,N}$ , $A_{p,q}=a(\phi_{q}, \phi_{p})$ ,







$\Omega=\{(x, y) : 0<x<a, -b<y<0\}$.
$\Omega$ , , $I$ , $J$ , $\Omega$
$I\cross J$ , ,
,
( 2). $(P_{h})$
( $2D$ –FKCM) .
, $k$ ,
$\kappa$
$h= \frac{a}{I}$ $k= \frac{b}{J’}$ $\kappa=\frac{k}{h}$













$x_{i}=hi$ , $0\leq i\leq I$ , $y_{j}=kj-b$ , $0\leq j\leq J$
. $\kappa$ , $h$ .
$(\Pi_{h})$
$u_{h}= \sum_{:=0}^{I}\sum_{j=0}^{J}U_{i,j}w_{i,j}$
. $V_{h}$ , $W_{i}j(x_{p}, y_{q})=\delta_{ip}\delta_{iq}$
$\{w_{i,j}\}_{i=0,1,\ldots,I,j=0_{:}..,1,..J}=$
’
$U_{-1,j}=U_{1,j}$ , $U_{I+1,j}=U_{I-1,j}$ , $0\leq j\leq J$,
$U_{i,-1}=U_{i,1}$ , $U_{i,J+1}=U_{i,J-1}$ , $0\leq i\leq I$
.
, $(x_{i}, yj)$ $p=(I+1)j+i+1$ ,
{ $w_{i,i\}_{i=0,1,\ldots,I,J=0,1,\ldots,J}}$
$\{\phi_{p}\}_{p=1,2,\ldots N}$ . ,
(1) $\{\begin{array}{l}\phi_{(I+1)j+i+1}=w_{i,j},0\leq i\leq I,0\leq j\leq JN=(I+1)(J+1)U_{(I+1)j+i+1}=U_{\dot{*},j},0\leq i\leq I,0\leq j\leq Ju_{h}=\sum_{p1}^{N_{=}}U_{p}\phi_{p}=\sum_{i1}^{I_{=}}\sum_{j=1}^{J}U_{i,jj}w.\cdot\end{array}$
, $(P_{h})$ 4 $\vec{U}_{h}$ , $A$
$M$ .








, ($2D$ –FKCM) , .
$\{\lambda_{h}, u_{h}\}$
.
$(E_{h})\{\begin{array}{l}-\Delta_{hk}U_{i,J}=\lambda_{h}M_{hk}U_{*,J},0\leq i\leq I-\Delta_{hk}U_{i,j}=0,0\leq i\leq I,0\leq j\leq J\end{array}$
$(E_{h})$ .
1 [ ( $2D$ –FKCM) ]
$(2D-FKC^{1}M)$ $\{\lambda_{h}, u_{h}\}$ ,
$m=0,1,2,$ $\ldots,$ $I$ , $C$ ,
$\lambda_{h}=\mu_{h}\cdot\tanh(\frac{b}{\kappa h}\log\nu_{h})\cdot\frac{\sqrt{1+\kappa^{2}\sin^{2}(f_{2}^{\underline{h}})}}{1-\prime sa_{\sin^{2}(\ _{2})}\underline{h}}$,
$u_{h}(x_{i},y_{j})=C\cosh(j\log\nu_{h})\cos(\mu$ $i)$ , $0\leq i\leq I,$ $0\leq j\leq J$
. .
$\mu_{h}=\frac{2}{h}\sin(L_{2}^{h})\}$ $\mu=\frac{\pi m}{a}$ ,
$\nu_{h}=1+2\kappa^{2}\sin^{2}(\Delta_{2}^{\underline{h}})+2\kappa sin(2K^{h})\sqrt{1+\kappa^{2}\sin^{2}(2L^{h})}$.
, $(E)$ $\{\lambda, u\}$ ,
$\Gamma_{0}$ $(x_{*}\cdot, 0)$ , $u_{h}$ $u$
. $C’$











$\nu_{h}-1=\kappa\mu$ $\cdot\frac{\sin(L_{2}^{h_{-}})}{g_{2}\underline{h}}$ . $\{\kappa\sin(\frac{\mu h}{2})+\sqrt{1+\kappa^{2}\sin^{2}(\frac{\mu h}{2})}\}$
,
$\lim_{harrow 0}\frac{\log\nu_{h}}{\kappa\mu \text{ }}=1$
,






$\lim_{harrow 0}u_{h}(x, y)=u(x, y)$
, 1 $C’$ 1 $u_{h}$ ,
. ., 2 .
2 [ ( $2D$ –FKCM)
]
$(E)$ $\{\lambda, u\}$ , ( $2D$ –FKCM)






. ho >0 , \mbox{\boldmath $\lambda$}\rightarrow
$C_{1},$ $C_{2}$ .
(2) $|\lambda_{h}-\lambda|\leq C_{1}h^{2}$ , 0< $<h_{0}$ ,
(3) $||\tilde{u}_{h}-\tilde{u}||_{L^{2}(\Gamma_{0})}\leq C_{2}h^{2}$ .
2
$C_{1}’,$ $C_{2}’,$ $C_{3}’$ .





$| \lambda_{\hslash}-\lambda|=|\mu_{h}\cdot\tanh(\frac{b}{\kappa h}\log v_{\hslash})\cdot\frac{\sqrt{1+\kappa^{2}\sin^{2}(g_{2}\underline{b})}}{1_{3}\sin^{2}(\frac{h}{2})}-\mu\cdot\tanh(\mu b)|$
$\leq|\mu_{h}\cdot\frac{\sqrt{1+\kappa^{2}\sin^{2}(A_{2}^{\underline{b}})}}{1_{3}\sin^{2}()}|^{-}\cdot|\tanh(\frac{b}{\kappa h}\log v_{h})-\tanh(\mu b)|$
$+| \mu_{h}\cdot\tanh(\mu b)\cdot|\frac{\sqrt{1+\kappa^{2}\sin^{2}(\ _{2}\underline{h})}}{1_{3}\sin^{2}()}-1|$
$+|\tanh(\mu b)|\cdot|\mu_{h}-\mu|$
$\leq$ ($\mu\cdot 3\sqrt{1+\kappa^{2}}\cdot C_{1}’+\mu\cdot 1$ $C_{2}’+1$ . c\’{s}) 2 $0<$ $<$ o
(2) .
$|| \tilde{u}_{h}-\tilde{u}||_{L^{2}(\Gamma_{0})}^{2}=2\cdot\frac{l}{1_{3}\epsilon in^{2}()}\cdot\{1-\frac{\sin^{2}(\ell i^{\underline{h}}2)}{(^{\ _{2^{\underline{h}}}})^{2}}- \frac{1}{s}\sin^{2}(A_{2}^{\underline{\hslash}})\}$












3 [ ( $2D$ –FKCM)
]







$\frac{\log(1+\kappa)}{\kappa\pi}\cdot\pi\xi\leq\sigma(\xi)\leq\pi\xi$ , $0\leq\xi\leq 1$
.
4[ ( $2D$ –FKCM)
]
($2D$ –FKCM) $\tilde{\rho}_{h}(\xi)$ , $arrow 0$





$| \tilde{\rho}_{h}(\xi)-\tilde{\rho}(\xi)|\leq\tilde{\rho}(\xi)\cdot 2\cdot\exp(-\frac{2b}{\text{ }}\sigma(\xi))$, $\sigma(\xi)=\frac{\log\tilde{\nu}(\xi)}{\kappa}$,
$\xi=0$ , $\tilde{\rho}_{h}(\xi)=\tilde{\rho}(\xi)=1$ .
4









$p=(I+1)j+i+1$ , $0\leq j\leq I,$ $0\leq i\leq J$ .
$\overline{M}$
$\overline{M}_{p,q}$ .








$\tilde{M}$ . , $\theta$ ,
$\tilde{M}=\theta M+(1-\theta)\overline{M}$






( $2D$ –FKGM) .
$\theta=0$ ( $2D$ –FKLM) .
($2D$ –FKGM) , $\theta<\frac{3}{2}$ ,
. .






. ( $2D$.-FKGM) ,
$\{\lambda_{h}, u_{h}\}$ .
$(\tilde{E}_{h})\{\begin{array}{l}-\Delta_{hk}U_{i,J}=\lambda_{h}\tilde{M}_{hk}U_{i,J}-\Delta_{hk}U_{i,j}=0,0\leq i\leq I\end{array}0\leq i\leq I0\leq j\leq J$
.
5[ ( $2D$ –FKGM) ]
($2D$ –FKGM) , $\theta$ $\theta<\frac{3}{2}$
. $\{\lambda_{h}, u_{h}\}$ $m=1,2,$ $\ldots,$ $I$ , $C$
,
$\lambda_{h}=\mu_{h}\cdot\tanh(\frac{b}{\kappa h}\log_{V_{h}})\cdot\frac{\sqrt{1+\kappa^{2}\sin^{2}(\Delta_{2}^{\underline{h}})}}{1-\frac{2}{3}\theta\sin^{2}(g_{2}\underline{x})}$ ,
$u_{h}(x_{i}, y_{j})=Ccosh(j\log\nu_{h})\cos(\mu$ $i)$ , $0\leq i\leq I,$ $0\leq j\leq J$
.
$\mu_{h}=\frac{2}{h}\sin(g_{2}\underline{h})$ , $\mu=\frac{\pi m}{a}$ ,
$\nu_{h}=1+2\kappa^{2}\sin^{2}(g_{2}\underline{h})+2\kappa\sin(L_{2}^{\underline{h}})\sqrt{1+\kappa^{2}\sin^{2}(f_{2}\llcorner^{h})}$
. , $(E)$ $\{\lambda, u\}$ ,
$\Gamma_{0}$ $(x_{i}, 0)$ , $u_{h}$ $u$
. $C’$
$u_{h}(x_{i}, 0)=C’u(x_{i}, 0)$ , $0\leq i\leq I$
.
6[ ( $2D$ –FKGM)
]
$(E)$ $\{\lambda, u\}$ , ( $2D$ –FKGM)






. $h_{0}>0$ , $\theta$ $\lambda$
$C_{1},$ $C_{2}$ .
$|\lambda_{h}-\lambda|\leq C_{1}$ 2 $0<$ $<$ o,
$||\tilde{u}_{h}-\tilde{u}||_{L^{2}(\Gamma_{0})}\leq C_{2}$ 2
, $(2D-FKGM)$ $\theta$ $\theta<\frac{\}{2}$ .
7[ ( $2D$ –FKGM)
]






8[ ( $2D$ –FKGM)
]
($2D$ –FKGM) , $\theta<\frac{3}{2}$ ,
$\tilde{\rho}_{h}(\xi)$ , $arrow 0$ , $0\leq\xi\leq 1$
$\tilde{\rho}(\xi)$ .
$\xi\in(0,1$ ] ,
1 $\tilde{\rho}_{h}(\xi)-\tilde{\rho}(\xi)|\leq\tilde{\rho}(\xi)\cdot 2\cdot\exp(-\frac{2b}{\text{ }}\sigma(\xi))$ , $\sigma(\xi)=\frac{\log\tilde{\nu}(\xi)}{\kappa}$,




$a=1.0[m]$ , $b=0.1[m]$ ,
1) ( 3, 4),
2) ( 5, 6),
3)
( 7, 8, 9, 1 $0$ )
. 1) 2)
$(\theta=1)$ $(\theta=0)$ .
3 4 $\kappa=1$ $\lambda_{h}$
. $(\theta=1)$ $(\theta=0)$
. $m=1,2,$ $\cdots,$ $10$ . . $m$ $\lambda_{h}th$
$0<$ $\leq\frac{a}{m}$ , $= \frac{a}{m+i}j=0,1,2,$ $\cdots$
. , 5 $\lambda_{h}$ , $\mu=\frac{\pi m}{\alpha}$
, $[0, \frac{a}{m}]$ .
$h= \frac{a}{m},$ $\frac{a}{m+2}\ldots\frac{a}{30}$ $\circ$ .
$=0$ $\lambda_{h}$ =\mbox{\boldmath $\lambda$}+O( 2) . 3 ,
, ,
, $\lambda_{h}$ .
. , $\lambda_{h}$ $\lambda$
4 .





$\xi=\frac{m}{I},$ $m=1,2,$ $\cdots,$ $I$
$\sigma$








$\kappa=\frac{k}{h}$ . $(\theta=1)$ ,
$(\theta=0)$ . $\kappa$ , .
, $\kappa$ $0$ , ,
, ,
$+100\%$ .
, $\kappa$ $0$ ,
1 $|\tilde{\rho}(\xi)-1|$ . $\kappa$ ,
$\kappa=1$ ,
maxo $\leq\epsilon\leq 1|\tilde{\rho}(\xi)-1|$ , (
1 $0$ ). , $\kappa=1$ , $-\Delta_{hk}$










$\theta$ . $\theta$ ,
,
.
1 $0$ , 1
$\theta$
$\kappa$ . $\theta$ $\kappa$
$\tilde{\rho}(\xi)$ ,
$m( \theta;\kappa)=\max$ I $\tilde{\rho}(\xi)-1|$
$0\leq\xi\leq 1$
. $\kappa$ , $m(\theta;\kappa)$ $\theta$












$h= \frac{1}{2},$ $\frac{1}{4},$ $\frac{1}{6},$ $\cdots,$
$\frac{1}{20}$
6 $\dot{\overline{\Phi}}$ )\mbox{\boldmath $\rho$}\tilde h(\mbox{\boldmath $\xi$})









$\text{ _{}9}p_{0}\dot{\text{ }}_{8^{\text{ }}\cdot\cdot 0^{\sim}.0\text{ }}-\kappa=\frac{k}{h}m\text{ _{ ^{}\not\subset}}.\cdot.$ :
’ 18
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, $(\theta=1)$ , $\kappa$ 2.0 0.0 ,
$m(\theta;\kappa)$ . , $(\theta=0)$
, $\kappa$ 2.0 1.0 , $m(\theta;\kappa)$ ,
$\kappa$ 1.0 0.0 , $m(\theta;\kappa)$
.
7
$\Omega$ $\{(\sim, y, z) : 0<\sim<a, 0<y<b, -c<z<0\}$
,
( [21). ,













. $x,$ $y,$ $z$ $I,$ $J,$ $G$ .
$= \frac{a}{I}$ , $k= \frac{b}{J}$ , $l= \frac{c}{G}$
. $\kappa_{1}$ $\kappa_{2}$
$\kappa_{1}=\frac{\text{ }}{l}$ , $\kappa_{2}=\frac{k}{l}$
, $\kappa_{1},$ $\kappa_{2}$ , $l$
. $x_{i},$ $yj,$ $Z_{9}$
$x_{i}=$ $i$ , $0\leq i\leq I$ ,
$y_{j}=kj$ , $0\leq j\leq J$,
$z_{g}=lg-c$ , $0\leq g\leq G$
, $u(x_{i}, y_{j}, z_{g})$ $U_{i,j,g}$ . ,
$U_{-1,j,g}=U_{1,j,g}$ , $U_{I+1,j,g}=U_{I-1,j,g}$ , $0\leq j\leq J$, $0\leq g\leq G$ ,
$U_{i,-1,g}=U_{i,1,g}$ , $U_{:,J+1,g}=U_{*,J-1,g}$ , $0\leq i\leq I$ , $0\leq g\leq G$ ,
$U_{i,j,-1}=U_{i,j,1}$ , $U_{i,j,G+1}=U_{i,j,G-1}$ , $0\leq i\leq I$ , $0\leq j\leq J$
$(x_{i} , yj , z_{g})$
$p=(I+1)(J+1)g+(I+1)j+i+1$ ,
$U_{(I+1)(J+1)g+(I+1)j+i+1}=U_{i,j,g}$ ,
























$m=0,1,2,$ $\ldots,$ $I,$ $n=0,1,2,$ $\ldots,$ $J$ $C$ ,
$\lambda_{l}=\mu\iota\cdot\tanh(\frac{c}{l}\log\nu_{l})\cdot\frac{\sqrt{1+\kappa_{1^{2}}\sin^{2}(\frac{\mu}{2\kappa}L_{1}l)+\kappa_{2^{2}}\sin^{2}(\overline{2}\mu_{A_{2}}\kappa l)}}{1-2\beta\sin^{2}(2_{1}^{\#}\wedge l)-2\gamma\sin^{2}(\overline{2}\mu_{\lrcorner_{2^{-}}}\kappa l)}$,
$U_{i,j,g}=C\cosh(g\log\nu_{l})cos$ ( $\mu_{1}$ ‘ $i$ ) $\cos(\mu_{2}kj)$ ,
$0\leq i\leq I,$ $0\leq j\leq J,$ $0\leq g\leq G$
.
$\mu_{1}=\frac{\pi m}{a}$ , $\mu_{2}=\frac{\pi n}{b}$ ,
22
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. , $(E)$ $\{\lambda, u\}$ ,
$\Gamma_{0}$ $(x_{i}, yj, 0)$ $u$
. $C’$
$U_{i,j,G}=C’u(x:, y_{j}, 0)$ , $0\leq i\leq I,$ $0\leq j\leq J$
.
.
$I,$ $J$ , $m,$ $n$ $\rho_{l}(m, n)$
.
$\rho_{l}(m, n)=\frac{\lambda_{l}(m,n)}{\lambda(m,n)}$ , $m=1,$ $\cdots I$) ’ $n=1,$ $\cdots,$ $J$.
$\xi=\frac{m}{I}=\frac{m\kappa}{\alpha}\llcorner l$ $\eta=\frac{n}{J}=^{n\kappa_{b}}arrow\iota(0\leq\xi\leq 1,0\leq\eta\leq 1)$
, $\tilde{\rho}_{l}(\xi, \eta)=\rho_{l}(\perp_{1}, \frac{b\eta}{\kappa_{2}l})$ . 9
.
1 $0$ [ $\underline{=}$ (3D– $FD)$ ]
$(3D-FD)$ , $\tilde{\rho}_{l}(\xi, \eta)$ ,
.









$(3D-FD)$ , $(\xi, \eta)$ , $larrow 0$
, $0\leq\xi,$ $\eta\leq 1$ $\tilde{\rho}(\xi, \eta)$ .
$(\xi, \eta)\in[0,1]\cross[0,1],$ $(\xi, \eta)\neq(0,0)$ ,
$| \tilde{\rho}_{l}(\xi, \eta)-\tilde{\rho}(\xi, \eta)|\leq\tilde{\rho}(\xi, \eta)\cdot 2\cdot\exp(-\frac{\sigma(\epsilon,\eta)}{l})$,
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